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Abstract. The weak equivalence principle is one of the cornerstone of general relativity. Its
validity has been tested with impressive precision in the Solar System, with experiments
involving baryonic matter and light. However, on cosmological scales and when dark matter is
concerned, the validity of this principle is still unknown. In this paper we construct a null test
that probes the validity of the equivalence principle for dark matter. Our test has the strong
advantage that it can be applied on data without relying on any modelling of the theory of
gravity. It involves a combination of redshift-space distortions and relativistic effects in the
galaxy number-count fluctuation, that vanishes if and only if the equivalence principle holds.
We show that the null test is very insensitive to typical uncertainties in other cosmological
parameters, including the magnification bias parameter, and to non-linear effects, making
this a robust null test for modified gravity.
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1 Introduction
The distribution of galaxies in redshift space is a highly sensitive probe of the theory of
gravity, that can be used to look for deviations from general relativity (GR). The usual way
to probe such deviations is to measure the two-point correlation function of galaxies (or its
Fourier transform, the power spectrum), and confront these measurements with a theoretical
modelling that accounts for modifications of gravity. This can be done in two different ways.
The simplest possibility is to calculate the correlation function in a specific model of dark
energy or modified gravity, like for example f(R) gravity [1, 2], and use observations to place
constraints on the parameters of the model. The second approach consists in parameterizing
deviations from GR directly at the level of the correlation function. One well-known example
is the γ parameterization of the growth rate, which is directly measured through the multipoles
of the correlation function: f(z) = Ωm(z)
γ , where γ is a free parameter that takes the value
γ ' 0.55 in GR [3, 4].
Recently, various frameworks have been developed to combine these two approaches, like
the Effective Theory of Dark Energy [5] and the Parameterized Post-Friedmann approach [6].
These frameworks provide general parameterizations of deviations from GR describing a large
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class of theories, and whose parameters directly affect large-scale structure observables. They
can therefore be used to consistently search for deviations from GR. These parameterizations
have nevertheless two drawbacks. First, in order to be as general as possible, they feature
various free functions of time. This results in too many degrees of freedom that cannot all be
constrained by observations. Second, even if these parameterizations are very general, they
do not encompass all possible deviations from GR. Hence, by using them, we automatically
restrict to some specific class of theories.
In this paper, we envisage an even more agnostic approach, which consists in testing
specific properties of gravity, rather than a particular set of alternative models. Namely,
we propose a null test to probe the weak equivalence principle for dark matter. The weak
equivalence principle, which states that all objects fall in the same way in a gravitational
potential, is one of the cornerstone of GR. This principle is extremely well tested in the Solar
System, with experiments involving baryonic matter and light. The validity of this principle
is however much more difficult to probe on cosmological scales, or when the unknown dark
matter is concerned.
The standard analysis of redshift-space distortions usually applies the equivalence
principle in order to translate the observed galaxies’ peculiar velocities into measurements of
the time component of the metric, Ψ. However, if dark matter does not obey the equivalence
principle, the peculiar velocities of galaxies, which are governed by the peculiar velocities
of the dark matter halos, will not satisfy Euler’s equation. The relation between peculiar
velocities and the gravitational potential Ψ is consequently altered. In [7], we proposed a
general parameterization of deviations from Euler’s equation, that would be due to a violation
of the equivalence principle. We then showed that such a violation can be tested using
the dipole of the cross-correlation function between bright and faint galaxies. The dipole
provides indeed a direct measurement of the gravitational potential Ψ, through the effect of
gravitational redshift [8]. Combining a measurement of the dipole with that of the monopole,
quadrupole and hexadecapole of the correlation function consequently allows one to constrain
deviations from Euler’s equation.
In this paper, we extend our previous analysis by constructing a null test of the equivalence
principle. We combine observables in such a way that the null test vanishes if and only if
Euler’s equation is valid. Such a test has the advantage that it does not require any specific
modelling of the theory of gravity. In particular, it can be applied to the data without assuming
a parameterization of Euler’s equation. One simply combines observables and concludes
whether or not the equivalence principle holds, based on the outcome of the test. Therefore,
our test provides a robust way of testing one of the most fundamental properties of GR.
Note that, because the null test relies on the peculiar velocities of galaxies and gravitational
redshift, it specifically probes the equivalence of free fall between dark matter and light. As
such, it is complementary to other tests of the equivalence principle proposed in [9, 10], based
on consistency relations between the two-point and three-point correlation functions, that
test the equivalence of free fall between dark matter and baryons.
The rest of the paper is organised as follows. In Sec. 2 we define our large-scale structure
observables and construct the null test. In Sec. 3, we calculate the variance of the null test,
which is essential to assess its sensitivity to a violation of the equivalence principle. In Sec. 4,
we forecast the performance of the null test for a survey like SKA phase 2. In Sec. 5, we study
the possible contaminations to the null test, and we conclude in Sec. 6.
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2 The null test
We build the null test from the galaxy number-count fluctuation ∆(z,n), observed at redshift
z and in direction n. The dominant contributions to ∆ are due to density perturbations and
to redshift-space distortions (RSD)
∆st = bδ − 1H ∂r(V · n) , (2.1)
where b is the bias, H is the Hubble factor in conformal time η and r is the comoving radial
coordinate in direction n. δ denotes the matter density perturbation, and V is the galaxy
peculiar velocity. Since a galaxy always sits inside a dark matter halo, the halo exerts a
binding force on the galaxy, and consequently we expect the velocity of the galaxy to be
given by the velocity of the dark matter halo, even if dark matter and baryonic matter
experience gravitation in a different way, due to the breaking of the equivalence principle. As
a consequence we assume that Vdm = V.
In addition to these standard contributions, ∆ is affected by various relativistic effects.
Among those, the dominant contributions are given by [11–13]
∆rel =
(
1− 5s+ 5s− 2
rH −
H′
H2 + f
evol
)
V · n + 1HV
′ · n + 1H∂rΨ , (2.2)
where the first two terms are Doppler contributions and the last term is the contribution
from gravitational redshift. Ψ is the gravitational potential involved in the time component
of the metric1, a prime denotes a derivative with respect to conformal time η, s is the
magnification bias parameter, related to the slope of the galaxy luminosity function, and
f evol is the evolution bias. ∆rel is suppressed by one power H/k compared to the dominant
standard contributions ∆st. In addition to the terms in Eq. (2.2), ∆ contains other relativistic
effects that are suppressed by (H/k)2 with respect to ∆st, and that are therefore negligible in
the regime we are interested in here.
If dark matter obeys the equivalence principle, then the galaxy peculiar velocity is related
to the gravitational potential Ψ by Euler’s equation
V′ +HV +∇Ψ = 0 . (2.3)
Our goal is to find a combination of ∆st and ∆rel that vanishes if Euler’s equation holds. More
precisely, since only the radial part of V contributes to ∆, and since one always measures
correlations of ∆, we are looking for a combination of observables that is proportional to〈
(n ·V′) ·∆st〉(d, µ, z) +H〈(n ·V) ·∆st〉(d, µ, z) + 〈∂rΨ ·∆st〉(d, µ, z) , (2.4)
where d denotes the separation between the two pixels that are correlated, µ is the cosine
of the angle between the pair of pixels and the direction of observation, and z is the mean
redshift of the pair, see Fig. 1. From Eqs. (2.1) and (2.2) we see that such a combination
can be found if we can measure separately 〈∆st∆st〉 and 〈∆st∆rel〉. This can be done by
extracting the multipoles of 〈∆∆〉, i.e. averaging 〈∆∆〉(d, µ, z) over the orientation of the pair
µ, weighted by the appropriate Legendre polynomial of µ.
The monopole, quadrupole and hexadecapole of the correlation function, 〈∆∆〉, are
mainly affected by 〈∆st∆st〉. The relativistic effects contribute only through quadratic terms
1We work with the metric ds2 = a2(η)
[− (1 + 2Ψ)dη2 + (1− 2Φ)dx2].
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〈∆rel∆rel〉 by symmetry. As a consequence, their impact on the even multipoles is suppressed
by (H/k)2 and can be safely neglected. The monopole of 〈∆∆〉 is sensitive to the isotropic
part δδ, which does not enter into Eq. (2.4); it is thereby not appropriate to construct the null
test. The quadrupole and hexadecapole on the other hand are sensitive to density-velocity
correlations and velocity-velocity correlations, that both enter into Eq. (2.4).
The correlation 〈∆st∆rel〉 does not contribute to the even multipoles of 〈∆∆〉 by symmetry.
However it does contribute to the odd multipoles. These odd multipoles exist only if we
cross-correlate different populations of galaxies, like for example a bright population, B,
(whose luminosity is higher than a given threshold) and a faint population, F. In this case,
the dipole and octupole of 〈∆B∆F〉 are proportional to 〈∆stB∆relF 〉+ 〈∆stF ∆relB 〉, as shown in [8].
Hence, by combining even and odd multipoles, and using two populations of galaxies, we can
construct a combination which is proportional to Eq. (2.4), i.e. a combination that exactly
vanishes if dark matter obeys the equivalence principle.
We start by splitting the population of galaxies into two populations with different
luminosities. The bright population contains all galaxies with a luminosity higher than a
given threshold and has mean bias bB, magnification bias sB and evolution bias f
evol
B . The
faint population contains all fainter galaxies, and has bias bF, magnification bias sF and
evolution bias f evolF . Given this split, we can then measure separately the multipoles of the
bright population, of the faint population, and the multipoles of the cross-correlation between
bright and faint.
In the flat-sky approximation, the three different quadrupoles are given by
ξBB2 =
[
−4
3
bBf − 4f
2
7
]
µ2(d, z) , (2.5)
ξFF2 =
[
−4
3
bFf − 4f
2
7
]
µ2(d, z) , (2.6)
ξBF2 =
[
−2
3
(bB + bF) f − 4f
2
7
]
µ2(d, z) . (2.7)
The hexadecapole being independent of the bias, it is the same for all correlation functions,
ξBB4 = ξ
FF
4 = ξ
BF
4 = ξ4 =
8f2
35
µ4(d, z) . (2.8)
The functions µ2 and µ4 are given by
µ`(d, z) =
1
2pi2
∫
dk k2P (k, z)j`(kd) , (2.9)
where P (k, z) is the density power spectrum. To derive Eqs. (2.5) to (2.8), we have made two
assumptions. First we have assumed that the continuity equation for matter is valid. This
means that we only consider theories in which there is no flow of energy from dark matter to
another component.2 In this case, the velocity potential in Fourier space is related to the
density at sub-horizon scales by
V (k, z) = −H(z)
k
f(z)δ(k, z) , (2.10)
2In particular, interacting CDM-vacuum scenarios [14, 15] are excluded.
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Figure 1: Definition of the angle σ, used to extract the multipoles of the correlation function.
where the growth rate f is defined as
f(z) =
d lnD1(z)
d ln a
, (2.11)
with D1 the linear growth. The second assumption needed to obtain Eqs. (2.5) to (2.8) is
that D1 and f are scale-independent, i.e. that they do not depend on k. We will discuss in
the next section what happens if the growth rate depends on scale.
The dipole and octupole exist only when we cross-correlate the bright and faint population.
Since they are proportional to 〈∆stB∆relF 〉 + 〈∆stF ∆relB 〉, they are suppressed by one power of
H/k with respect to the even multipoles. This makes them more difficult to measure than the
even multipoles. However, as shown in [16], the odd multipoles will be detectable with the
coming generation of galaxy surveys. To construct the null test, we only consider the dipole,
which has a significantly higher signal-to-noise ratio than the octupole (though see [17] for a
discussion about the use of the octupole to test the equivalence principle).
The dipole can be extracted from the cross-correlation of bright and faint galaxies in the
following way
ξBF1 =
3
2
∫ 1
−1
dµ P1(µ)
1
2
[
〈∆B(z,n)∆F(z′,n′)〉 − 〈∆F(z,n)∆B(z′,n′)〉
]
, (2.12)
where P1(µ) = µ is the first-order Legendre polynomial, and µ = cosσ, σ being the angle
formed by the median of the triangle (O,x,x′) emerging from O, and the axis connecting
x = (z,n) to x′ = (z,n′), as depicted in Fig. 1. The two terms in the integrand of Eq. (2.12)
translate the fact that we need to consider both the bright and the faint population in each
pixel; the minus sign ensures that we target relativistic effects, which are anti-symmetric
under the exchange of x and x′.
The relativistic contributions to ∆ can be rewritten as
∆relL =
1
H
[
V′ · n +HV · n + ∂rΨ
]
+
(
−5sL + 5sL − 2
rH −
H′
H2 + f
evol
L
)
V · n , (2.13)
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where L = B,F. The term in square bracket vanishes if Euler’s equation (2.3) is valid. To
allow for a breaking of the equivalence principle for dark matter, we define
Ebreak(z,n) = V′ · n +HV · n + ∂rΨ , (2.14)
so that the relativistic contributions become
∆relL =
1
HE
break +
(
−5sL + 5sL − 2
rH −
H′
H2 + f
evol
L
)
V · n . (2.15)
Ebreak is by construction the product of a vector field (which modifies Eq. (2.3)), with
the direction of observation n. As such, the correlation of Ebreak with ∆st is necessarily
anti-symmetric under the exchange of x and x′; thus, it contributes to the dipole.
Inserting (2.15) into (2.12), we obtain
ξBF1 =
H
H0
[
(bB − bF)f
(
2
rH +
H′
H2
)
+ 3(sF − sB)f2
(
1− 1
rH
)
+ 5(bBsF − bFsB)f
(
1− 1
rH
)
+
3
5
(
f evolB − f evolF
)
f2 +
(
bFf
evol
B − bBf evolF
)
f
]
ν1(d, z)− 2
5
(bB − bF)f d
r
µ2(d, z)
+
3(bB − bF)
4H
∫ 1
−1
dµ P1(µ)〈δ · Ebreak〉(d, µ, z) , (2.16)
where
ν1(d, z) =
1
2pi2
∫
dk kH0P (k, z)j1(kd) . (2.17)
The last line in Eq. (2.16) clearly vanishes if Euler equation is valid. The last term in the
second line of Eq. (2.16) is the wide-angle contribution from the standard terms, which
contaminates the relativistic dipole and hence needs to be included. Note that this wide-angle
contribution is the main reason why we are using the correlation function instead of the
power spectrum. In the correlation function, wide-angle effects can be consistently computed
and included in the theoretical modelling. On the other hand, in the power spectrum, the
flat-sky approximation is used from the beginning, and wide-angle effects are by construction
exactly zero (except if one uses different line-of-sights for each pair as proposed in [18], but
this is not straightforward). Since the contamination from wide-angle effects is quantitatively
comparable to the relativistic effects, it would be inconsistent to neglect them.
Let us now proceed and derive a combination of the quadrupoles, hexadecapole, and
dipole, that is proportional to the last line of Eq. (2.16). There are, actually, several possibilities.
The simplest one depends on the auto-correlation quadrupoles, ξBB2 and ξ
FF
2 , but not on the
cross-correlation quadrupole ξBF2 :
NˆE = A ξˆBF1 + CB ξˆBB2 + CF ξˆFF2 +D ξˆ4 , (2.18)
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with the four coefficients
A =
H¯0
H¯
1
ν¯1(d, z)
, (2.19)
CB =
[
3
4
(
2
r¯H¯ +
H¯′
H¯
)
+
15
4
(
1− 1
r¯H¯
)
sF − 3
4
f evolF
]
1
µ¯2(d, z)
− 3
10
H¯0
H¯
d
r¯
1
ν¯1(d, z)
,
CF = −
[
3
4
(
2
r¯H¯ +
H¯′
H¯
)
+
15
4
(
1− 1
r¯H¯
)
sB − 3
4
f evolB
]
1
µ¯2(d, z)
+
3
10
H¯0
H¯
d
r¯
1
ν¯1(d, z)
,
D =
[
15
4
(
1− 1
r¯H¯
)
(sB − sF) + 3
4
(
f evolF − f evolB
)] 1
µ¯4(d, z)
.
In the above expressions, a bar indicates quantities that are calculated in a fiducial ΛCDM
cosmology. The null test, NˆE, is thereby a combinations of observables (the multipoles), and
theoretical coefficients calculated in a ΛCDM cosmology. If the fiducial cosmology is a correct
description of the actual Universe, then the ensemble average of NˆE reduces to
NE = 〈NˆE〉 = H0H2
3(bB − bF)
4ν¯1(d, z)
∫ 1
−1
dµ P1(µ)〈δ · Ebreak〉(d, µ, z) . (2.20)
Therefore, NE vanishes if Ebreak = 0, i.e. if the equivalence principle holds, and it differs from
zero if the equivalence principle is violated. This statement is completely independent on the
mechanism that would be responsible for such a violation. It does not rely on any modelling
of Ebreak, and can be applied to the data without any assumption on the theory of gravity.
The combination NˆE is not the only one which is proportional to Ebreak. Since the
quadrupoles are related by
ξˆBB2 + ξˆ
FF
2 = 2ξˆ
BF
2 , (2.21)
any combination of the form
NˆE + λ(d, z)
µ¯2(d, z)
×
(
ξˆBB2 + ξˆ
FF
2 − 2ξˆBF2
)
, (2.22)
with λ an arbitrary function of d and z, is also proportional to Ebreak. Ideally, one would like
to find the λ that optimises the sensitivity of the null test to a violation of the equivalence
principle. This turns out to be very challenging in practice, because optimisation requires
to express the variance of the null test as a function of λ, and then to maximise the Fisher
matrix which depends on the the inverse of that covariance matrix. Such a procedure is
beyond the scope of the present paper.
If we set λ to be the following function of z only, the resulting alternative null test
features the same coefficient in front of both ξˆBB2 and ξˆ
FF
2 ,
λ(z) =
15
8
(
1− 1
r¯H¯
)
(sB − sF) + 3
8
(
f evolF − f evolB
)
. (2.23)
The alternative test reads
MˆE = A ξˆBF1 + C ξˆBB2 − C ξˆFF2 + CBF ξˆBF2 +D ξˆ4 , (2.24)
– 7 –
where A and D are the same as before, and
C =
[
3
4
(
2
r¯H¯ +
H¯′
H¯
)
+
15
8
(
1− 1
r¯H¯
)
(sB + sF)− 3
8
(
f evolB + f
evol
F
)] 1
µ¯2(d, z)
(2.25)
− 3
10
H¯0
H¯
d
r¯
1
ν¯1(d, z)
,
CBF =
[
15
4
(
1− 1
r¯H¯
)
(sF − sB) + 3
4
(
f evolB − f evolF
)] 1
µ¯2(d, z)
.
The ensemble average of MˆE is the same as that of NˆE, given by the right-hand side of
Eq. (2.20).
Let us now explore under which conditions our null tests NE and ME may be non-
vanishing. Different scenarios can be identified. Two of them actually teach us about gravity,
but the others are spurious, i.e. due to some contamination that is independent on the physics
that we aim to probe.
Violation of the equivalence principle. The first scenario is obviously Ebreak 6= 0, i.e.
if the equivalence principle is violated. This is the very reason why the test was designed.
Wrong power spectrum. The second scenario where NE,ME 6= 0 occurs is if the ΛCDM
power spectrum used to calculate µ¯2, µ¯4 and ν¯1 in Eqs. (2.19) and (2.25) differs from the true
one. This can happen for different reasons. The first one is if the power spectrum at early
time (for example at recombination) differs from the fiducial one. This would mean that the
true values of the cosmological parameters Ωb,Ωm, h and ns differ from the fiducial ones.
These parameters are however strongly constrained by Planck, and we sill show in Sec. 5 that
if their true value is consistent with the best-fit from Planck at 3σ, then the deviations from
zero generated in NE and ME remain significantly smaller than their variance and do not
invalidate the null tests.
The second reason for the true power spectrum to differ from the fiducial one is if the
evolution of structures at late time (once the acceleration of the Universe has started) differs
from the one in ΛCDM. Since the null tests are targeted at probing models beyond ΛCDM,
we need to understand which features will generate a non-zero NE andME besides a violation
of the equivalence principle. Clearly, if the true power spectrum is related to the fidudical one
by a scale-independent factor
P (k, z) =
[
D1(z)
D¯1(z)
]2
P¯ (k, z) , (2.26)
then
[
D1(z)/D¯1(z)
]2
can be factorised out of Eqs. (2.18) and (2.24), so that NE =ME = 0.
So, any dark energy or modified gravity model that preserves the equivalence principle and
the scale-independence of the growth of structure, produces a zero null test, even if D1 is
different from the one in ΛCDM.
On the other hand, if the growth of structure depends on scale, D1(k, z) cannot be taken
out of the integrals in Eqs. (2.9) and (2.17) and NE and ME generally become non-zero.
Therefore, NE and ME are not only a test of the equivalence principle, but also a test of the
scale-independence of the growth of structure. However, we will see in Sec. 5 that NE,ME
are not the best combinations to test the scale-independence of the growth of structure. As
shown in [19], there exists another combination, Nf , which is more sensitive to a breaking
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of scale-independence. This means that any observed deviation from zero with NE and ME
would lead to a larger observed deviation in Nf . Moreover, Nf is not sensitive at all to a
breaking of the equivalence principle, since it does not involve the gravitational potential Ψ.
As a consequence, if we see no deviations in Nf , but we observe a non-zero NE and ME, this
necessarily means that the equivalence principle is broken.
Wrong background parameters. Finally, the last reason for NE and ME not to vanish
is if the fiducial ΛCDM cosmology used to calculate the background quantities r¯ and H¯ in
Eq. (2.19) differs significantly from the true background cosmology. In Section 5 we will see
that if the background is consistent with Planck constraints at 3σ, then the deviations from
zero in NE and ME are much smaller than their variance, which means that they do not
invalidate the null test. In addition, the coefficients (2.19) also depend on the slope of the
galaxy luminosity function sB and sF. These coefficients can be measured for each of the
populations. In Sec. 5 we will see that an uncertainty of 10 % or less in the measurement of
sB and sF generates deviations in NE and ME that are smaller than their variance. Similarly,
the coefficients depend on the evolution biases f evolB and f
evol
F . The value of these biases is
uncertain, but they can in principle be measured by looking at the evolution of the number
densities of galaxies with redshift. In Sec. 5 we will see that an uncertainty of 40% or less in
the measurement of f evolB and f
evol
F generates deviations in NE and ME that are smaller than
the variance, so that the null test is not invalidated.
To summarise, the only effects that can lead the ensemble average of NˆE,MˆE to be larger
than their variance, i.e. to a statistically significant rejection of the null hypothesis, is if the
growth of structure differs from ΛCDM in a scale-dependent way, or if the equivalence principle
is violated. To differentiate between these two cases, one may perform the additional test
Nf defined in [19], which is only sensitive to a scale-dependent growth. Note that Horndeski
models do produce a scale-independent growth of structures in the quasi-static regime, but
they can break the equivalence principle if dark matter and baryonic matter are coupled
differently to the scalar field.
3 Variance
The sensitivity of the null tests to a violation of the equivalence principle is governed by
the variance of NˆE and MˆE. The measurement of the galaxy number-count fluctuation ∆
is affected by shot noise and by cosmic variance. These uncertainties propagate into the
measurement of the multipoles, and hence they affect our null tests. Note that the variance
of NˆE and MˆE is due to the variance of each of the multipoles, as well as to the covariance
between them. In Appendix A, we give the explicit expression for the variance of NˆE. The
variance of MˆE and the covariance between NˆE and MˆE have a very similar form. Here we
compute the variances and covariance for a survey with the characteristics of SKA phase 2
(SKA2).
The variance depends on the cosmological parameters, which we set to their best-fit
Planck values [20]: Ωb = 0.04897,Ωm = 0.3111, ns = 0.9665, As = 2.105×10−9 and h = 0.6766.
It also depends on the bias of the bright and faint populations, which we model as follows.
The mean bias b(z) is given by the specifications of SKA2 (see Table 3 of [21]); we then split
the galaxies into two populations, with respective biases
bB = b+ ∆b/2, and bF = b−∆b/2 . (3.1)
– 9 –
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Figure 2: Magnification bias of the bright population, sB (red solid line), and of the faint
population, sF (green dashed line), as a function of redshift.
The bias difference ∆b depends on the population of galaxies targeted by the survey. For
BOSS, a bias difference of 1 has been measured between the bright and faint populations of
luminous red galaxies [22]. In the main galaxy sample of SDSS, galaxies have been split into
six populations according to their luminosity, with a bias ranging from 0.96 to 2.16 [23, 24].
For the HI galaxies targeted by SKA, the expected bias difference is less well known. In what
follows, we will adopt the conservative value ∆b = 0.5.
The variance depends also on the values of the magnification bias for the two populations,
sB and sF. The magnification bias is given by
s(z,Flim) = −2
5
∂ ln N¯(z,F > F∗)
∂ lnF∗
∣∣∣∣∣
F∗=Flim
, (3.2)
where Flim is the flux limit of the survey, and
N¯(z,F > F∗) =
∫ ∞
lnF∗
d lnF N¯(z, lnF) (3.3)
denotes the number density of galaxies with a flux above F∗. We split the galaxies into two
populations with flux above or below Fcut and we choose Fcut such that the number density
of bright galaxies equals the number density of faint galaxies. In [25], a fit for N¯(z,F > F∗)
was provided for SKA2 [see Eq.(A1) and Table A1 there]. From that fit, we find Fcut by
solving the equation
N¯(z,F > Fcut) = N¯(z,F > Flim)− N¯(z,F > Fcut) . (3.4)
The magnification bias of the two populations is then given by
sB(z) = s(z,Fcut) and sF(z) = s(z,Flim) . (3.5)
In Fig. 2 we plot the magnification biases as functions of redshift. We see that their difference,
sB − sF, ranges from 0.3 at z = 0.15 to 0.1 at z = 1.5.
Finally, the variance also depends on the evolution biases given by
f evolB =
∂ ln
(
a3N¯B
)
H∂η and f
evol
F =
∂ ln
(
a3N¯F
)
H∂η , (3.6)
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Figure 3: Variance of NˆE for various redshift bins, plotted as a function of separation d.
The black line shows the total, the blue line the quadrupole contribution, the purple line
the dipole contribution, and the yellow line the hexadecapole contribution. The covariance
between the dipole and the quadrupole is shown in red, the covariance between the dipole and
the hexadecapole in cyan and the covariance between the quadrupole and the hexadecapole
in green.
where N¯B and N¯F denote the mean number density of the bright and faint galaxies respectively.
In the following we set these biases to zero. In Sec. 5, we will however explore how an
uncertainty in these biases can affect the null test.
In Fig. 3 we plot the different contributions to the variance of NˆE for a survey like SKA2
for 4 different redshift bins. We use a pixel size of 4 Mpc/h. The variance of MˆE is very
similar. In the lowest redshift bin, z = 0.15, we see that the variance is mainly due to the
variance of the quadrupole, the variance of the dipole, and the covariance between them. At
very large separations the variance of the hexadecapole becomes also important. At larger
redshift, z ≥ 0.35, the variance of the dipole dominates strongly at all separations.
The variance of the quadrupole is dominated by the cosmic variance of density and RSD.
The shot noise contribution to the quadrupole is negligible at all separations and redshifts for a
survey like SKA2. On the contrary, due to symmetry reasons, the variance of the dipole is not
affected by the pure cosmic variance of density and RSD. The dominant contributions to the
variance of the dipole is, therefore, due to the combination of shot noise and cosmic variance.3
As such, it is very sensitive to the number density of galaxies. At low redshift, where the
number density of galaxies is high, the cosmic variance of the quadrupole is therefore larger
3Note that in the case where shot noise is negligible, the dominant contribution to the variance of the dipole
is due to the cosmic variance of the relativistic effects. We include this contribution here (see Appendix A),
since it is important for the first case studied below, where we neglect shot noise.
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than the mixed shot noise-cosmic variance of the dipole. At larger redshift however, where
the number density of galaxies is much smaller and the volume is much larger, the mixed shot
noise-cosmic variance of the dipole is the limiting factor.
4 Results
We now forecast the sensitivity of the null test to a violation of the equivalence principle. Even
though the null test can be applied on data without any modelling of Ebreak, at the level of
the forecasts, to obtain quantitative results, we need to make some assumptions about Ebreak.
In [7], we have shown that in scalar-tensor and vector-tensor theories of gravity, breaking
the equivalence principle results in an additional friction and an extra gravitational-like force
acting on dark matter halos. In this case, Ebreak takes the form
Ebreak = −HΘ(z)V · n− Γ(z)∂rΨ , (4.1)
where Θ encodes the amplitude of the friction term, and Γ the amplitude of the extra
gravitational-like force. Inserting Eq. (4.1) into Eq. (2.20), and using the continuity equation
to relate V and δ, we find that the ensemble average of NˆE and MˆE reads
NE =ME = (bB − bF)fΥ , (4.2)
where
Υ ≡ Θ− Γ
1 + Γ
− Γ
1 + Γ
(H′
H2 + f +
f ′
Hf
)
. (4.3)
Our goal is to determine how large Υ needs to be to lead to a detectable non-zero NˆE and
MˆE. For that purpose, we construct the Fisher matrix for Υ, keeping all other cosmological
parameters fixed. We do not vary the cosmological parameters, because our goal is not to
measure Υ (which can be degenerate with some of the other cosmological parameters), but
rather to determine how large Υ needs to be to reject the null hypothesis NE = ME = 0.
We consider either NˆE alone, or MˆE alone, or the combination of NˆE and MˆE. We expect
the last case to be more sensitive, because NˆE and MˆE contain different combinations of
the quadrupoles ξˆBB2 , ξˆ
FF
2 , ξˆ
BF
2 . As such, the reduction of cosmic variance due to combining
multiple tracers [26] should apply, and thereby reduce the variance of the quadrupole.
We first forecast the results of an ideal survey with no shot noise, i.e. a cosmic variance
limited survey covering 30′000 square degrees (similar to the sky coverage of SKA2). We
assume that the violation of the equivalence principle happens at late times only, such that it
does not impact CMB observations, which place stringent constraints on the equivalence of
free fall between dark matter and baryons at the time of recombination [27]. This assumption
is motivated by the intuition that violations of the equivalence principle may be a side
effect of the phenomenon driving the acceleration of cosmic expansion. We consider two
cases: one where Υ = Υ0 can be considered constant over the redshift range of SKA2 (but
somehow decays at higher redshift); and the second where Υ decays towards higher redshift,
proportionally to the amount of dark energy
Υ(z) = Υ0
ΩΛ(z)
ΩΛ(z = 0)
, (4.4)
where ΩΛ(z) is the density parameter of the cosmological constant, and Υ0 is constant.
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Table 1: Value of Υ0 corresponding to a violation of the equivalence principle detectable
at 3σ for a survey which is cosmic variance limited. We show the constraints for a constant
Υ = Υ0 and for Υ evolving as in Eq. (4.4). We use dmax = 100 Mpc/h, zmax = 1.55 and
different values for dmin.
Υ=const Υ evolves
dmin [Mpc/h] NE ME NE&ME NE ME NE&ME
20 0.006 0.006 0.003 0.021 0.020 0.011
32 0.010 0.010 0.005 0.033 0.032 0.020
40 0.012 0.012 0.006 0.041 0.040 0.027
The Fisher matrix for Υ0, that is a 1× 1 matrix, reads
FΥ0 =
∑
i,j,z
∂Xˆ(di, z)
∂Υ0
[
cov(Xˆ)
]−1
(di, dj , z)
∂Xˆ(dj , z)
∂Υ0
,
where the data vector Xˆ is either NˆE, MˆE or (NˆE,MˆE), and the sum runs over all the redshift
bins of the survey, and over separations di, dj ∈ [dmin, dmax]. We choose dmax = 100 Mpc/h,
because for larger distances, we find that cosmic variance gets too large and wipes out all the
constraining power of the test. The value of dmin is determined by the impact of non-linearities.
In Sec. 5.1 we will study how non-linearities affect the null tests using the streaming model to
model RSD [28]. We will see that above ∼ 30 Mpc/h non-linearities are negligible (compared
to the variance of the tests) and linear perturbation theory is valid. We thus choose three
representative values for dmin : 20, 32 and 40 Mpc/h. We use redshift bins of size ∆z = 0.1
from zmin = 0.15 to zmax = 1.55 (here z refers to the mean redshift of the bin). We have
checked that beyond z = 1.55 the signal-to-noise ratio is so small that the constraints do not
improve anymore. Note that, in this whole redshift range, the contribution from lensing is
completely negligible, as we will show in Section 5.2.
The result, σΥ0 ≡ 1/
√FΥ0 , gives the 1σ error bar expected on Υ0. This value is the one
that is usually reported when citing the precision with which a parameter can be measured in
a future survey. However, the aim of the null test is to differentiate between a theory where
the equivalence principle is valid and a theory where the equivalence principle is violated.
For this we need to specify with which confidence level we want to perform this test. A 1σ
difference from zero is not enough to claim an observed violation of the equivalence principle.
In Table 1, we report therefore the value of Υ0 that we need to observe a NˆE (or MˆE) which
is 3σ away from zero, i.e. we report the value 3× σΥ0 .
We see that the constraints are about 3 to 4 times tighter in the case where Υ is not
evolving. This is not surprising because in this case the violation of the equivalence principle
is still relevant at large redshift, where cosmic variance is suppressed due to the larger volume
of the redshift bins. The constraints weaken when increasing dmin. But even for a large
dmin = 40 Mpc/h they are still at the percent level for NE and ME separately. In general the
constraints from NE and ME are very similar. This indicates that the sensitivity of the null
test to changes in the parameter λ in Eq. (2.22) may be quite low. Combining NE with ME
does however strongly enhances the constraints, by a factor up to 2. This is due to the fact
that this combination strongly reduces the cosmic variance of the quadrupole, thanks to the
different combinations of bright and faint galaxies used in NE and ME.
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Table 2: Value of Υ0 corresponding to a violation of the equivalence principle detectable at
3σ for a survey like SKA2. We show the constraints for a constant Υ = Υ0 and for Υ evolving
as in Eq. (4.4). We use dmax = 160 Mpc/h, zmax = 1.05 and different values for dmin.
Υ=const Υ evolves
dmin [Mpc/h] NE ME NE&ME NE ME NE&ME
20 0.71 0.70 0.70 1.12 1.10 1.10
32 0.83 0.82 0.82 1.33 1.31 1.31
40 0.91 0.90 0.90 1.48 1.46 1.46
We then forecast the results for a survey with the specifications of SKA2. We take the
same values as above for the bias, magnification bias and sky coverage. The only difference
is that we now include shot noise in the covariance matrix. From Fig. 3 we see that in the
lowest redshift bin of SKA2, z = 0.15, the mixed shot noise-cosmic variance contribution from
the dipole dominates below 40 Mpc/h. It thus degrades the constraints from small scales. For
higher redshift bins however, this contribution strongly dominates at all scales. Therefore,
we expect a significant deterioration of the constraints due to shot noise. The results are
reported in Table 2. The constraints are weaker by a factor 40-200 compared to the ideal
case. The degradation is stronger for smaller dmin since cosmic variance is very small at small
separations and therefore shot noise has a stronger impact there. We also see that combining
NE and ME almost does not improve the constraints. This is due to the fact that when
shot noise dominates, reducing the cosmic variance from the quadrupole is not useful. In
this regime it is therefore enough to consider only NE or ME. To detect a violation of the
equivalence principle at 3σ, we see that we need a parameter Υ0 of the order of 1. Since dark
matter has never been detected directly, there is currently no direct constraints on Υ0. As
shown in [7], RSD are completely insensitive to this parameter. A value of unity is therefore
completely allowed by current data. Note that the constraints on Υ0 are directly proportional
to the bias difference between the bright and faint populations, that we have assumed to be
relatively small: bB − bF = 0.5. If the bias difference turns out to be larger, for example of
the order of 1 (as measured in BOSS [22]), then the constraints would improve by a factor 2.
We can compare our results with the forecasts on a violation of the equivalence principle
obtained using consistency relations [10]. In their forecasts shot noise is neglected, which
corresponds to our ideal scenario. In their Fig. 1, the 1σ constraints for kmax = 0.3h/Mpc
are of the order of 10−4, for one redshift bin with a volume of 1 (Gpc/h)3. In our case, the 1σ
constraint from one redshift bin centered at z = 1.05 and rescaled to a volume of 1 (Gpc/h)3
is of the order of 10−2, for dmin = 2pi/kmax ' 20 Mpc/h. The main difference between the two
methods is that our method is sensitive to a change in Euler’s equation that would affect all
galaxies in a similar way. The two populations of bright and faint galaxies obey the same
modified Euler’s equation, since we assume that their velocity is driven by the velocity of
the dark matter halos. As a consequence, our method is sensitive to the average change in
Euler’s equation, experienced by the galaxies in the survey. On the contrary, the consistency
relation derived in [10] is sensitive to the difference between the velocity of two populations of
galaxies, that would be affected in a different way by a violation of the equivalence principle.
In particular, the forecasts presented in Fig. 1 of [10] rely on the fact that two populations of
objects can be selected, one that obeys Euler’s equation, and another one that does not. How
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this can be achieved in practice is not straightforward and will affect the sensitivity of their
method. In any case, it would be very interesting to combine the two methods, in order to test
the two scenarios. Note that our method would also give a non-zero NE and ME if the two
populations of galaxies fall in a different way. This would add an extra contribution to the
right-hand side of Eq. (2.20). On the contrary, if all galaxies obey the same modified Euler’s
equation, the method presented in [10] would not detect the violation of the equivalence
principle. These methods are therefore highly complementary and should be used together.
5 Contaminations
We now explore the limitations of the null test, i.e. the situations where NE and ME are
different from zero, even if the equivalence principle is valid.
5.1 Non-linearities
The first source of contamination is due to the impact of non-linear effects on the observables
ξˆBF1 , ξˆ
BB
2 , ξˆ
FF
2 and ξˆ4. To assess the importance of non-linear effects we use the streaming
model for RSD that has been used to analyse SDSS data [28]. This model contains both the
Fingers-of-God effect [29] and the impact of non-linearities on the BAO [30]. We compute the
quadrupole and hexadecapole with this model. For the dipole, we should in principle compute
the impact of non-linearities on the gravitational redshift contribution. This has been done
using perturbation theory in [31]. Instead, here, we adopt another approach: we use the
linear Euler’s equation to relate the gravitational potential to the velocity, and then use the
streaming model to compute the impact of non-linearities on the dipole. This procedure is not
completely consistent, since non-linear effects are also present in Euler’s equation. However,
it still gives us an idea of the importance of non-linear effects on the dipole. Since our goal is
not to model the dipole precisely, but rather to determine at which scales non-linear effects
invalidate the null test, this approach should be sufficient. For the dipole, we also need to
compute the impact of non-linearities on the wide-angle corrections. The derivation is shown
in Appendix B, using the streaming model. We find that this term is relevant even at small
separations.
For the coefficients of the null test we use two prescriptions: linear perturbation theory
and the halofit power spectrum. The results are shown in Fig. 4, for the lowest redshift bin
used in our analysis, z = 0.15 (left panel), and for z = 0.35 which is the bin where most of the
constraining power comes from (right panel). We see clearly that NE does not vanish anymore,
due to the presence of non-linear effects. As expected, the impact of non-linearities decreases
with redshift. We find that NE remains non-zero even if the coefficients are calculated with
the halofit power spectrum. This is not surprising, since halofit only accounts for the impact
of non-linearities on the density, whereas the null test uses observables that are affected by
the peculiar velocity. Because of this, it is not possible to construct a null test that would
vanish also in the non-linear regime. The impact of non-linearities on the velocity means that
in Eqs. (2.5)–(2.8) and (2.16), the growth rate f cannot be taken out of the integrals over k
in µ` and ν1. As a consequence the cancellation that takes place in the linear regime when
the equivalence principle is valid does not happen anymore in the non-linear regime.
We compare the value of NE using the streaming model, with the variance of the null
test. We see that for separations d larger than 20− 40 Mpc/h (depending on the redshift),
non-linear effects are smaller than the variance. This means that beyond those scales, a
detection of a non-zero NE cannot be attributed to non-linear effects. For comparison, we
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Figure 4: Value of the null test, NE, when the streaming model is used to compute the
observables ξˆBF1 , ξˆ
BB
2 , ξˆ
FF
2 and ξˆ4, and linear perturbation theory is used to compute the
coefficients A,CB, CF and D (red line). For the green line, linear perturbation theory has
been replaced by halofit to compute the coefficients. The yellow line shows the null test when
non-linear corrections to the bias are included. The black lines show NE due to a violation of
the equivalence principle, leading to a 3σ detection in the redshift bin of consideration, when
dmin = 20 Mpc/h (dotted line), dmin = 32 Mpc/h (dashed line) and dmin = 40 Mpc/h (solid
line). The blue shaded region shows the variance of NˆE. The left panel is at z = 0.15 and the
right panel at z = 0.35.
also show NE due to a violation of the equivalence principle, leading to a 3σ detection in the
redshift bin of consideration, for different values of dmin. This clearly indicates that the null
test is robust on large scales.
Another impact of non-linearities is to introduce a scale-dependence in the bias. To
assess the impact of this on the null test, we implement the following modelling of the bias in
the non-linear regime, used in [32] and fitted from simulations
b(z, k) = b0(z)
√
1 +Q(z) (k/k1)
2√
1 +A(z)k/k1
, (5.1)
with A(z) = 1.7, Q(z) fitted from [32], k1 = 1h/Mpc and b0(z) from SKA2. This scale-
dependence of the bias modifies the multipoles in Eqs. (2.5), (2.6),(2.7) and (2.16) since in this
case the bias cannot be taken out of the integrals over k in µ` and ν1. As a consequence, NE
does not vanish, even if the equivalence principle is valid. In Fig. 4, we show the value of NE
induced by the scale-dependent bias. We see that apart from very small scales (d . 5 Mpc/h)
NE is always much smaller than the variance. Therefore, the scale-dependence of the bias has
no significant impact on the null test.
5.2 Lensing
Another source of contamination is lensing magnification, which affects the galaxy number-
count fluctuation ∆ [12, 13]. As such, it contributes to the quadrupole, hexadecapole and
dipole and will generate a non-zero NE and ME, even when the equivalence principle holds.
The contribution from lensing magnification to the correlation function can be calculated using
the flat-sky and Limber approximation [8]. The multipoles can then be extracted numerically.
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Figure 5: Left panel: lensing contribution to NE plotted as a function of separation, at
redshift z = 1.05 (red solid line), z = 1.55 (blue dashed line), and z = 1.95 (green dotted line).
Right panel: lensing contribution at z = 1.05 (red line) plotted with the variance of NˆE (blue
shaded region).
For two populations of galaxies with luminosity L and L′, the even multipoles take the form
ξLL
′ lens
` =
2`+ 1
2
{
3Ωm
4pia
[
bL(5sL′ − 2) + bL′(5sL − 2)
]
d
∫ 1
0
dµ µP`(µ) (5.2)
×
∫
dk⊥ k⊥H20P (k⊥, z)J0
(
k⊥d
√
1− µ2)
+
9Ω2m
8pi
(5sL − 2)(5sL′ − 2)
∫ r
0
dr′
(r − r′)2r′2
r2a(r′)2
2
∫ 1
0
dµ P`(µ)
×
∫
dk⊥ k⊥H40P
(
k⊥, z(r′)
)
J0
(
k⊥
r′
r
d
√
1− µ2
)}
, for ` even ,
where P` denotes the order-` Legendre polynomial and J0 the order-0 Bessel function. The
first two lines of Eq. (5.2) contain the density-lensing correlation, which is generated by two
contributions. When the galaxy with luminosity L′ is behind the galaxy with luminosity L,
the L′ galaxy is lensed by the L galaxy, and when the galaxy with luminosity L is behind
the galaxy with luminosity L′, the L galaxy is lensed by the L′ galaxy. The last two lines of
Eq. (5.2) contain the lensing-lensing correlation, due to the fact that both galaxies are lensed
by the same foreground inhomogeneities. In all the terms, the functions are evaluated at the
mean redshift of the bin, and r denotes the conformal distance at that redshift.
The odd multipoles differ from the even ones for two reasons. First, the two density-
lensing terms contribute with an opposite sign, which strongly reduces the total contribution.
Second, the lensing-lensing contribution exactly vanishes, because it is symmetric in µ. The
explicit expression of the odd multipoles is
ξLL
′ lens
` =
2`+ 1
2
{
3Ωm
4pia
[
bL(5sL′ − 2)− bL′(5sL − 2)
]
d
∫ 1
0
dµ µP`(µ) (5.3)
×
∫
dk⊥ k⊥H20P (k⊥, z)J0
(
k⊥d
√
1− µ2)} , for ` odd .
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In the left panel of Fig. 5, we show the lensing contribution to NE at different redshifts.
We see that the contribution quickly increases with redshift, since lensing accumulates along
the line-of-sight. In the right panel of Fig. 5, we compare the lensing contribution at the
highest redshift that we are using in the forecasts, z = 1.05, with the variance of NˆE at
that redshift. We see that even though lensing generates a non-zero NE, this contribution is
completely negligible compared to the variance. The null test is therefore unaffected by this
effect and can be robustly used at high redshift. Note that even if we go to higher redshift,
lensing remains negligible, because the variance due to shot noise increases faster with redshift
than the lensing contribution.
5.3 Scale-dependent growth
If the growth of structure f does not dependent on k, we have seen that NE and ME exactly
vanish when the equivalence principle is valid, independently on the form of f(z). This
remains true even if gravity is modified and f differs from the ΛCDM predictions. On the
other hand, if f acquires a dependence in k, then NE and ME do not vanish anymore.
In [19], we proposed another null test, Nf , which combines measurements of the galaxy
number-count with measurements of galaxies’ sizes, in order to test the scale-independence of
f specifically. This null test is completely insensitive to a violation of the equivalence principle,
since it involves observables that are only sensitive to the peculiar velocity of galaxies, and
not to the gravitational potential Ψ. Here we show that a scale-dependence in f that would
lead to a 1σ deviation from zero in Nf generates a deviation in NE which is slightly below 1σ.
As a consequence, by combining Nf and NE we can unambiguously determine if we have a
breaking of the scale-independence of f or a violation of the equivalence principle.
Following [19], we parameterise the growth function D1(k, z) as
D1(k, z) = D¯1(z)
[
1 + ε(z)γ(k)
]
, (5.4)
where D¯1(z) is the growth function in ΛCDM and
γ(k) = c1
1 + c2(k/k∗)m
1 + (k/k∗)m
, and ε(z) = ε0
ΩΛ(z)
ΩΛ(z = 0)
. (5.5)
We choose to focus on one of the models explored in [19], with k∗ = 0.1h/Mpc, c1 = 1, c2 = 0,
and m = −2. At lowest order in ε0 we obtain for the growth rate
f(k, z) = f¯(z) + γ(k)
dε(z)
d ln a
, (5.6)
where f¯ denotes the growth rate in ΛCDM. Inserting (5.4) and (5.6) in the quadrupole,
hexadecapole and dipole, we can calculate the resulting NE.
In [19], we found that with SKA2, using dmin = 20 Mpc/h, we can detect at 1σ a value
of ε0 = 0.04 at z = 0.15. Using this value in NE, we obtain a non-zero NE which is always
slightly smaller than the variance, i.e. just below detection. At higher redshift, the signal
becomes smaller and smaller compared to the variance. This means that an observed deviation
from zero in NE would automatically lead to a larger observed deviation in Nf .
5.4 Wrong fiducial cosmology
An ideal null test should be independent on cosmological parameters. Here this is however not
possible: to construct NE we need a certain knowledge about the parameters Ωb,Ωm, h and
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Figure 6: Left panel: Values of NE at z = 0.15 obtained when a wrong fiducial cosmology
is used to calculate the coefficients of the test. In red we show the impact of a wrong value
of Ωb, in green of ns, in black of h and in yellow of Ωm. The blue shaded region shows the
variance of NˆE. Right panel: Values of NE at z = 0.15 obtained when a wrong value of the
magnification bias sB is used to calculate the coefficients of the test. In red we vary sB by
1%, in green by 5% and in yellow by 10%. The black lines show NE due to a violation of the
equivalence principle, leading to a 3σ detection at z = 0.15, when dmin = 20 Mpc/h (dotted
line), dmin = 32 Mpc/h (dashed line) and dmin = 40 Mpc/h (solid line). The blue shaded
region shows the variance of NˆE.
ns.
4 This is indeed necessary to calculate the coefficients of the null test in Eqs. (2.19), which
depend on the comoving distance r¯, the Hubble parameter H¯, and the power spectrum P¯ (k, z).
If the values of these parameters are wrong, then the null test does not vanish anymore, even
if the equivalence principle is valid. However, this turns out not to be a serious issue, because
these parameters are already well constrained by Planck. More precisely, we find that even if
the parameters Ωb,Ωm, h and ns differ from Planck best-fit values by 3σ, the deviation in NE
remains much smaller than the variance. Therefore, a wrong choice in the fiducial cosmology
does not jeopardise our null test..
To calculate this contamination, we compute the coefficients with the fiducial values of
Ωb,Ωm, h and ns, and we compute the observables, ξ
BF
1 , ξ
BB
2 , ξ
FF
2 and ξ4, with the fiducial
cosmology + 3σ (taken from Table 2 of [20]). The null test obtained in this way is shown in
the left panel of Fig. 6. We see that the parameter that has the largest impact on the null
test is Ωm. For all parameters, NE remains significantly smaller than the variance, and hence
any statistically significant observation of a non-zero NE cannot be attributed to the wrong
choice of a cosmology, except if the real Universe is inconsistent with Planck constraints by
significantly more than 3σ. This result also holds at higher redshift.
5.5 Uncertainty in the measurement of the magnification bias parameters
The null test relies on a measurement of the magnification bias parameters sB and sF. These
parameters can be inferred by measuring the number density of galaxies in the survey as a
function of their flux and redshift. This measurement involves all galaxies, independently on
their direction, and hence it is expected to be quite precise. In Fig. 6 we show how the null
test varies if the value of sB that we use to calculate the coefficients of the null test differs
from the true value by 1%, 5% and 10% (a similar result holds of course if sF varies). We
4Note that the primordial amplitude As does not affect the null test, since As simply factorises out of NE.
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see that above ∼ 30 Mpc/h, NE is smaller than the variance. Below this, the null test is
slightly larger than the variance. For comparison, we show also NE due to a violation of the
equivalence principle, leading to a 3σ detection at z = 0.15 for different values of dmin. We
see that these values are much larger than the ones inferred by a wrong choice of sB. This
result holds also at higher redshift. Therefore, even a large uncertainty of the order of 10% in
the determination of s will not invalidate the null test.
5.6 Uncertainty in the evolution biases
Finally, the coefficients of the null test depend on the evolution biases f evolB and f
evol
F . From
Eq. (3.6), we see that these biases account for the fact that the mean number density of
galaxies may evolve with redshift. As such a3N¯B and a
3N¯F are not constant. These evolution
biases can be measured by looking at the evolution of the number densities of bright and
faint galaxies as a function of redshift. We have explored how the null test is impacted if
the value of f evolB (or similarly f
evol
F ) that we use to calculate the coefficients of the null test
differs from the true value. The results depend on the true values. Typically we find that if
f evolB and f
evol
F are smaller than 2, an uncertainty of ∼ 40% generates a deviation in NE that
remains smaller than the variance. When f evolB and f
evol
F increase, this percentage decreases
accordingly, since what matters is the absolute error in the determination of the biases.
6 Conclusion
We proposed a null test to probe the validity of the equivalence principle for dark matter.
The null test combines, on the one hand, the quadrupole and hexadecapole of the galaxy
correlation function, which are sensitive to the velocity of dark matter halos, and, on the
other hand, the dipole of the correlation function, which is sensitive to the time component
of the metric Ψ, through gravitational redshift. As such, our null test is a direct test of the
validity of Euler’s equation for dark matter.
The main advantage of our null test is its model-independence: it does not require any
knowledge of the mechanism responsible for the violation of the equivalence principle. There-
fore, it can be applied to the data without further assumptions or theoretical modelling. We
have demonstrated the robustness of the test against a wide range of possible contaminations,
namely non-linear effects, gravitational lensing, and uncertainties in the measurement of
cosmological parameters.
We have forecasted the sensitivity of the null test for the next generation of galaxy
surveys. In an ideal survey, where shot noise is negligible and only cosmic variance affects the
null test, we have seen that the null test can detect at 3σ a violation of the equivalence principle
of the order of 10−3. This constraint degrades significantly if shot noise is included. For a
survey with the characteristics of SKA2, a violation of the equivalence principle corresponding
to Υ = 0.7 can be detected at 3σ, if the bias difference between the two populations of galaxies
that are used to measure the dipole is of 0.5. If this bias difference is instead of the order
of one, as has been measured in BOSS, then the constraints improve by a factor 2. In any
case, since there are no direct constraints on the validity of the equivalence principle for dark
matter and on cosmic scales, the outcome of our test will dramatically improve our knowledge
of both gravity and dark matter.
This null test highlights again the importance of relativistic effects in galaxy clustering
as a probe of gravity. The dipole of the correlation function, which is used to build the test,
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is indeed sensitive to the effect of gravitational redshift, which is not encoded in the so-called
Kaiser formula for ∆, but is a key element to probe the validity of the equivalence principle.
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A Variance
We follow the method proposed in [33, 34] to calculate the variance of the null tests. The
variance contains a shot noise contribution, a cosmic variance contribution and a mixed
contribution due to the product of shot noise and cosmic variance. For the cosmic variance
we include only the density and RSD terms, since they strongly dominate over the relativistic
effects and the lensing contribution. In the terms involving the dipole, the cosmic variance of
density and RSD vanishes due to symmetry reasons, but only in the pure cosmic variance
contribution, not in the mixed term. In this case, we include the relativistic contributions in
the pure cosmic variance. This contribution is strongly subdominant compared to the mixed
shot noise-cosmic variance contribution, which contains density and RSD. However, in the
ideal case where we neglect shot noise, it is important to include the cosmic variance from
relativistic effects, since this is the only contribution.
We account for the covariance between different separations, di 6= dj , but we neglect the
covariance between different redshift bins, which is very small since the size of the bins is
sufficiently large, ∆z = 0.1. The variance depends on the mean number density of the bright
and faint galaxies, which we denote respectively by N¯B and N¯F, on the volume of the redshift
bin, V, and on the size of the pixels in which ∆ is averaged, which we denote by `p. The
variance depends also on the following functions
D``′(di, dj) =
1
pi2
∫
dk k2P 2(k, z)j`(kdi)j`′(kdj) , (A.1)
G``′(di, dj) =
1
pi2
∫
dk k2P (k, z)j`(kdi)j`′(kdj) , (A.2)
H``′(di, dj) =
1
pi2
∫
dk kH0P 2(k, z)j`(kdi)j`′(kdj) , (A.3)
I``′(di, dj) =
1
pi2
∫
dk kH0P (k, z)j`(kdi)j`′(kdj) , (A.4)
J``′(di, dj) =
1
pi2
∫
dk H20P 2(k, z)j`(kdi)j`′(kdj) , (A.5)
and on the coefficient
cL =
(
5sL +
2− 5sL
rH +
H′
H2
)
f , for L = B,F . (A.6)
Here we show only the results for the variance of NˆE. The variance of MˆE and the
covariance between NˆE and MˆE are very similar. Below we write separately the different
contributions from the dipole, quadrupole and hexadecapole, as well as their covariance. For
simplicity we drop the redshift dependence in the expressions.
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A.1 Quadrupole
The contribution from the quadrupole contains the variance of ξˆBB2 , of ξˆ
FF
2 and the covariance
between them.
cov22[NˆE(di), NˆE(dj)] =
[
CB(di)CB(dj)
N¯2B
+
CF(di)CF(dj)
N¯2F
]
5
2piV`pd2i
δij (A.7)
+
2 · 52
V
[
CB(di)CB(dj)
N¯B
αCP22 (bB, bB) +
CF(di)CF(dj)
N¯F
αCP22 (bF, bF)
]
G22(di, dj)
+
52
V
[
CB(di)CB(dj)α
CC
22 (bB, bB, bB, bB) + CF(di)CF(dj)α
CC
22 (bF, bF, bF, bF)
+
(
CB(di)CF(dj) + CF(di)CB(dj)
)
αCC22 (bB, bB, bF, bF)
]
D22(di, dj) ,
where
αCP22 (bL, bM) =
1
5
(
bLbM +
11
21
(bL + bM)f +
3
7
f2
)
, (A.8)
αCC22 (bL, bM, bN, bP) =
1
5
bLbMbNbP +
11
105
[
bLbNbP + bMbNbP + bLbM(bN + bP)
]
f (A.9)
+
3
35
[
bNbP + bM(bN + bP) + bL(bM + bN + bP)
]
f2 +
17
231
(bL + bM + bN + bP)f
3 +
83
1287
f4 .
The first line in Eq. (A.7) contains the shot noise contribution, the second line contains the
mixed shot noise-cosmic variance contribution, and the last two lines contain the cosmic
variance contribution.
A.2 Dipole
cov11[NˆE(di), NˆE(dj)] = A(di)A(dj)
{
3
4piN¯BN¯FV`pd2i
δij (A.10)
+
9
2V
[
1
N¯F
(
b2B
3
+
2bBf
5
+
f2
7
)
+
1
N¯B
(
b2F
3
+
2bFf
5
+
f2
7
)]
G11(di, dj)
+
9
4V
( H
H0
)2 [2
5
(bFcB − bBcF)2 + 4
7
(cB − cF)(bFcB − bBcF)f + 2
9
(cB − cF)2f2
]
J11(di, dj)
}
The first line contains the shot noise contribution, the second line the mixed shot noise-cosmic
variance contribution (where the cosmic variance is due to density and RSD), and the last
line contains the cosmic variance contribution, which is due to relativistic effects. Note that
the last line is negligible in the presence of shot noise, since it is significantly smaller than the
first and second lines. However, in the case where we neglect shot noise, this last line is the
only non-zero contribution and we cannot neglect it.
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A.3 Hexadecapole
cov44[NˆE(di), NˆE(dj)] = D(di)D(dj)
{
9
2piN¯2V`pd2i
δij (A.11)
+
2 · 92
3N¯V
(
b2
3
+
26bf
77
+
643f2
5005
)
G44(di, dj)
+
92
V
(
b4
9
+
52b3f
231
+
1286b2f2
5005
+
436bf3
3003
+
79f4
2431
)
D44(di, dj)
}
.
Here b = (bB + bF)/2 is the bias of the whole population of galaxies. The ensemble average of
the hexadecapole is independent of bias, but its variance does depend on the value of the bias.
The first line in Eq. (A.11) contains the shot noise contribution, the second line the mixed
shot noise-cosmic variance contribution, and the last line the cosmic variance contribution.
A.4 Dipole-quadrupole
cov12[NˆE(di), NˆE(dj)] = 1V
H
H0
[
2(bFcB − bBcF) + 12
7
(cB − cF)f
]
(A.12)
×
[
A(di)
(
CB(dj)
N¯B
+
CF(dj)
N¯F
)
I12(di, dj) + di ↔ dj
]
+
1
V
H
H0
{
2b2B(bBcF − bFcB)−
12f
7
[
b2B(cB − cF) + 2bB(bFcB − bBcF)
]
− 10f
2
7
[
2bB(cB − cF) + bFcB − bBcF
]
− 40f
3
33
(cB − cF)
}[
A(di)CB(dj)H12(di, dj) + di ↔ dj
]
+
1
V
H
H0
{
2b2F(bBcF − bFcB)−
12f
7
[
b2F(cB − cF) + 2bF(bFcB − bBcF)
]
− 10f
2
7
[
2bF(cB − cF) + bFcB − bBcF
]
− 40f
3
33
(cB − cF)
}[
A(di)CF(dj)H12(di, dj) + di ↔ dj
]
The first two lines contain the mixed shot noise-cosmic variance contribution, and the last
four lines contain the cosmic variance contribution. Note that there is no pure shot noise
contribution here, since the dipole contains ∆B∆F whereas the quadrupole contains ∆B∆B
or ∆F∆F. Shot noise only affects correlations of ∆ for the same population of galaxies, and
therefore the pure shot noise term exists only if we have an even number of ∆B and an even
number of ∆F, which is not the case here.
A.5 Dipole-hexadecapole
The covariance between the dipole and the hexadecapole is significantly smaller than the
other contributions. Moreover, since the number density of galaxies is large in SKA2, the
shot noise contribution and the mixed contribution are always negligible compared with the
cosmic variance contribution (apart in the dipole term, because there the cosmic variance
contribution of density and RSD vanishes). Here we neglect therefore the shot noise and
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mixed term and show only the pure cosmic variance contribution
cov14[NˆE(di), NˆE(dj)] = 27
2V
H
H0
[ 16
315
(
2bFcB + b(cB − cF)− 2bBcF
)
bf (A.13)
+
16
231
(
bFcB + 2b(cB − cF)− bBcF
)
f2 +
32
429
(cB − cF)f3
][
A(di)D(dj)H14(di, dj) + di ↔ dj
]
.
A.6 Quadrupole-hexadecapole
The covariance between the quadrupole and the hexadecapole is also significantly smaller
than the other contributions. Therefore, as above, we only show the dominant contribution
due to cosmic variance
cov24[NˆE(di), NˆE(dj)] = − 45
2VD24(di, dj) (A.14)
×
{[
16f
105
b bB(b+ bB) +
272f2
3465
(b2 + 4b bB + b
2
B) +
464f3
3003
(b+ bB) +
32f4
429
]
CB(di)D(dj)
+
[
16f
105
b bF(b+ bF) +
272f2
3465
(b2 + 4b bF + b
2
F) +
464f3
3003
(b+ bF) +
32f4
429
]
CF(di)D(dj)
}
+ di ↔ dj .
B Wide-angle effects in the non-linear regime
Figure 7: Representation of the different angles and distances relevant for the calculation of
the wide-angle effects.
We derive here the wide-angle contribution to the dipole, using the streaming model
presented in [28]. The wide-angle contribution is due to the fact that in the full sky, RSD
depend on the two line-of-sights n and n′ to the two galaxies in the pair, which are not exactly
the same. The cross-correlation between bright and faint galaxies can be written as
〈∆stB(z,n)∆stF (z′,n′)〉 =
1
(2pi)3
∫
d3k eik(x
′−x)
(
bB(z) + f(z)(kˆ · n)2
)(
bF(z
′) + f(z′)(kˆ · n′)2
)
×P str(k, kˆ ·m, z) , (B.1)
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where m denotes the direction to the middle point between the galaxies (see Fig. 7) and P str
is the power spectrum in the streaming model given by [28]
P str(k, kˆ ·m, z) = F (k, kˆ ·m,Σs)
[
D1(z)
D1(z = 0)
]2
Pdw(k, kˆ ·m, z = 0) . (B.2)
Here F describes the Fingers-of-God effect
F (k, kˆ ·m,Σs) = 1[
1 + k2(kˆ ·m)2Σ2s
]2 , (B.3)
with Σs the streaming scale. Pdw is the de-wiggled power spectrum defined in [30], which
depends on two parameters Σ‖ and Σ⊥. This term encompasses the effect of non-linear effects
on the BAO. For our calculation we choose the values Σs = 4 Mpc/h, Σ‖ = 10 Mpc/h and
Σ⊥ = 6 Mpc/h, used in [28].
In the following we neglect the evolution corrections, due to the fact that the bias and
the growth function evolve with redshift and we set z′ = z. These terms have been shown
to be much smaller than the relativistic dipole [8]. We account however for the fact that
n 6= n′ 6= m.
The dipole contribution from the wide-angle effects is given by
ξBF wide1 =
3
2
∫ 1
−1
dµ P1(µ)
1
2
[
〈∆stB(z,n)∆stF (z,n′)〉 − 〈∆stB(z,n′)∆stF (z,n)〉
]
(B.4)
=
3
4(2pi)3
(bB − bF)f
∫ 1
−1
dµ P1(µ)
∫
d3k eik(x
′−x)
[
(kˆ · n′)2 − (kˆ · n)2
]
P str(k, kˆ ·m, z) ,
with µ = cosσ. In the flat-sky approximation we have kˆ · n = kˆ · n′ = kˆ ·m and Eq. (B.4)
vanishes. Here we want to calculate the lowest order correction to the flat-sky approximation,
i.e. we express kˆ ·n and kˆ ·n′ in terms of kˆ ·m with corrections of the order d/r. The vectors
n,n′ and m are in the same plane, that we choose to be the (yz)-plane, as shown on Fig. 7
(left panel). Without loss of generality, we choose m on the z axis, and we denote by α and
β the angles between m and n, and m and n′ respectively. Note that since m is the vector
pointing in the direction of the middle point between the two galaxies, α is not exactly equal
to β. We find
kˆ · n = − sin θk sinϕk sinα+ cos θk cosα , (B.5)
kˆ · n′ = sin θk sinϕk sinβ + cos θk cosβ , (B.6)
where (θk, ϕk) are the angles defining the direction of k.
We can then express α and β in terms of the angle σ which denotes the orientation of
the pair of galaxies with respect to m, see Fig. 7 (right panel). We find
sinα = sinβ =
d
2r
sinσ +O
(
d
r
)2
and cosα = cosβ = 1 +O
(
d
r
)2
. (B.7)
We insert Eq. (B.7) into Eq. (B.4) and expand
eik(x
′−x) = eikNkd = 4pi
∑
`m
i`Y`m(N)Y
∗
`m(θk, ϕk)j`(kd) (B.8)
= 4pi
∑
`m
i`
√
(2`+ 1)(`−m)!
4pi(`+m)!
Pm` (cos θk)e
−imϕkY`m(N)j`(kd) ,
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where N is a unit vector along the pair of galaxies with spherical coordinates (σ, pi/2), and Pm`
are the associated Legendre polynomials. The integrals over ϕk and σ can be done analytically.
We have ∫ 2pi
0
dϕk sinϕke
−imϕk = −ipiδm1 + ipiδm−1 , (B.9)
and ∫ pi
0
dσ sin2 σP1(cosσ)Y`±1(σ, pi/2) = −i
√
2
15pi
δ`2 . (B.10)
Using that P−12 (cos θk) = −16P 12 (cos θk) = −3 cos θk sin θk, we find
ξBF wide1 =−
3
4pi2
(bB − bF)f
[
D1(z)
D1(z = 0)
]2 d
r
∫ 1
−1
dµ µ2(1− µ2) (B.11)
×
∫
dk k2j2(kd)F (k, µ,Σs)Pdw(k, µ, z = 0) .
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